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Abstract 

The spacetime Ehlers group, which is a symmetry of the Einstein vacuum field 
equations for strictly stationary spacetimes, is defined and analyzed in a purely 
spacetime context (without invoking the projection formalism). In this setting, 
the Ehlers group finds its natural description within an infinite dimensional group 
of transformations that maps Lorentz metrics into Lorentz metrics and which 
may be of independent interest. The Ehlers group is shown to be well defined 
independently of the causal character of the Killing vector (which may become 
null on arbitrary regions). We analyze which global conditions are required on 
the spacetime for the existence of the Ehlers group. The transformation law for 
the Weyl tensor under Ehlers transformations is explicitly obtained. This allows 
us to study where, and under which circumstances, curvature singularities in the 
transformed spacetime will arise. The results of the paper are applied to obtain 
a local characterization of the Kerr-NUT metric. 

PACS numbers: 0420, 0240 
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1 Introduction. 



Strictly stationary spacetimes (i.e. spacetimes admitting a Killing vector which is 
timelike everywhere) can be conveniently studied by using the projection formalism 
introduced by Geroch |IJ, which consists in factoring out the action of the Killing field 
by projecting all spacetime objects onto the set of trajectories of the Killing vector. This 
method has been extensively used specially because Einstein's field equations simplify 
notably in this formalism (see || for a recent review on time independent gravitational 
fields). It was used, for instance, to find that Einstein's vacuum field equations for 
stationary spacetimes admit a finite dimensional symmetry group, (i.e. a group of 
transformations that maps solutions into solutions). This is the so-called Ehlers group 
0,0, which has been applied to many problems, ranging from the discovery of new 
solutions (see e.g. ||) to the proof that the vacuum field equations in the stationary 
and axially symmetric case form an integrable system (|| and e.g. and references 
therein) . 

Despite the power of the projection formalism, there are circumstances in which 
it cannot be applied. For instance, the set of trajectories of the Killing vector may 
fail to be a smooth manifold. This is no problem when only local considerations are 
relevant because for any point in the spacetime, there always exists a sufficiently small 
neighbourhood of it such that the quotient set is a smooth manifold. However, for 
problems involving global aspects the question does become important and one should 
investigate whether the set of trajectories is a smooth manifold. This is, in general, 
difficult (see however [0] for a set of necessary conditions for the quotient to be a 
smooth manifold). A second, and perhaps more important, shortness of the projection 
formalism is that stationary spacetimes may develop ergospheres and horizons. At 
points where the Killing vector becomes null, the metric in the manifold of trajectories 
becomes degenerate and the projection formalism cannot be used. This makes this 
formalism unsuitable for studying most of the problems concerning stationary rotating 
black holes (in particular, their uniqueness properties) because the whole domain of 
outer communication cannot be covered by the method. A similar problem arises for 
some rapidly rotating objects, which may also have ergorpheres in their exterior (the 
rotating disk of dust ||, for instance, shows this behaviour). 

Thus, some other method must be used to analyze problems in which the projection 
formalism cannot be used. A natural approach is to work directly on the spacetime 
and use only spacetime objects. In general, this is more difficult because the action of 
the Killing vector has not been factored out and the very existence of the Killing vector 
still needs to be imposed on the spacetime. Nevertheless, this method can be used in 
all situations where the projection formalism fails. Furthermore, working directly on 
the spacetime gives sometimes new insights into the problem. This method have been 
used recently to obtain local |5| and semilocal ]TU| characterizations of the Kerr metric 
which hold everywhere (including the ergorsphere and/or the black hole region) and 
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which involve spacetime objects only. 

The Ehlers group mentioned above was defined within the projection formalism 
and is known to map locally a strictly stationary vacuum solution into another strictly 
stationary vacuum solution (locally means that there exists a suitably small open neigh- 
borhood of any point where the Ehlers transformation can be defined). This is generally 
sufficient for generating new vacuum solutions, because one can apply the transforma- 
tion locally and, if desired and possible, the transformed spacetime can be extended 
to a maximal solution. However, there are other problems in which understanding 
the global properties of the action of the Ehlers group is important. For instance, 



there are approaches |12| for proving uniqueness theorems for stationary black 
holes which make use of the Ehlers transformation (and its generalization to other 
non-linear sigma models). However, this can only be justified as long as the global 
properties of the Ehlers transformation can be controlled. Thus, studying in detail the 
global requirements for the existence of the Ehlers transformation becomes necessary. 
As discussed above, the projection formalism is not suitable to analyze this kind of 
problems. Furthermore, the Ehlers group is defined only on regions where the Killing 
vector is timelike or spacelike and it is not clear a priori whether it can be smoothly 
extended through ergospheres or horizons. Explicit examples suggest that this exten- 
sion can be performed, but no general proof has been given. To answer these questions 
we need to define and analyze the Ehlers group in a framework that avoids using the 
projection formalism. 

In this paper we perform a detailed study of the Ehlers transformation in a space- 
time setting. This will allow us to prove, first of all, that the Ehlers transformation 
is well-defined at points where the Killing vector is null, as one could have expected. 
More interestingly, the spacetime approach will reveal several properties of the Ehlers 
group which are hidden in the quotient description. In particular, we will show that 
the Ehlers group finds its natural description within an infinite dimensional group of 
transformations which maps Lorentzian metrics into Lorentzian metrics. The general 
form of the transformation is 

g' af3 = n 2 g aP - C«W/3 - CpW a - \Q~ 2 W a Wp, (1) 

where ( a is an arbitrary vector field, A = — ( a ( a and W a is an arbitrary one-form 
constrained to satisfy Q 2 = 1 + ( a W a > 0. The transformation (|IJ) includes as par- 
ticular cases the Kerr-Schild transformation |L3| (by setting W a oc ( a and ( a ( a = 
everywhere) and a transformation put forward and studied by Bonanos (JTJJ (when 
( a W a = and hence Q 2 = 1). Since ([!]) contains the Kerr-Schild transformation as a 
particular case, it also allows for a generalization of Kerr-Schild symmetries, which have 
been recently defined and studied in [fT5| . This issue, however, will not be considered 
further in this paper. 

The set of transformations (|T|) will be shown to form a group and its basic properties 
will be discussed. Obviously, this full group does not map, in general, vacuum solutions 
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into vacuum solutions but it is likely that suitable subsets of it (besides the Ehlers 
group) do have this property. Using the spacetime description will allow us to discuss 
the necessary and sufficient conditions for the Ehlers transformation to be globally 
defined. Related to this question, the existence and location of curvature singularities 
in the transformed spacetime will be studied. This will be done by obtaining an 
explicit expression for the Weyl tensor of the transformed spacetime in terms of the 
original one. The transformation law turns out to be is surprisingly simple and clear. 
Thus, the full geometry of the transformed metric can be determined without having 
to perform the Ehlers transformation explicitly. This may be particularly interesting 
for stationary and axially symmetric spacetimes where the Ehlers group extends to an 
infinite dimensional group, the so-called Geroch group, which can be understood as 
an iteration of Ehlers transformations with respect to different Killing vectors. The 
results of this paper can also be applied to that situation. 

The transformation law for the Weyl tensor will be applied to find a local charac- 
terization of the Kerr-NUT spacetime. First, we shall obtain the simplest subset of 
vacuum solution which is invariant under Ehlers transformations. Its defining property 
turns out to be closely connected to the characterization of the Kerr metric found in 
||. This indicates once again that the Kerr metric enjoys a very privileged geomet- 
ric position because it can be characterized by a property which arises also naturally 
from the Ehlers group (and therefore directly from the underlying structure of Einstein 
vacuum field equations with a Killing vector). 

The paper is organized as follows. In section 2 we write down several identities 
which are valid for any spacetime admitting a Killing vector, irrespectively of its causal 
character. They are useful for any four- dimensional description of spacetimes with a 
Killing vector (no field equations are assumed in this section). While some of these 
equations are well-known, others appear to be new. In section 3 we introduce an infinite 
dimensional group of transformations which maps Lorentzian metrics into Lorentzian 
metrics and we discuss its basic properties. In section 4 we introduce the Ehlers group 
as a particular case of this infinite dimensional group of transformations. Then, we 
discuss which are the requirements for the Ehlers transformation to exist globally and 
we prove that vacuum solutions are mapped into vacuum solutions irrespectively of the 
causal character of the Killing vector. This shows that the Ehlers transformation is a 
symmetry of the vacuum field equations independently of whether the Killing vector 
has ergoregions and/or horizons. In section 5 we make use of the identities in section 
2 in order to obtain the transformation law for the Weyl tensor under Ehlers trans- 
formations. The result is surprisingly simple and elegant. Having obtained the form 
of the transformed Weyl tensor, we can identify where and under which circumstances 
curvature singularities in the transformed spacetime will occur. Finally, in section 6 
we identify the simplest subset of stationary vacuum solutions which is invariant under 
Ehlers transformations. We classify the orbits of the Ehlers group in this invariant sub- 
set. The paper concludes with a spacetime characterization of the Kerr-NUT metric, 
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which is a direct consequence of the results in this paper combined with the results in 

a- 



2 General Identities for Spacetimes with a Killing 
vector. 

In this paper, a C n spacetime denotes a paracompact, Hausdorff, connected C n+1 
four- dimensional manifold endowed with a C n metric of signature (—1,1,1,1). All 
spacetimes are assumed to be oriented with metric volume form r\ a ^. (M.,g) will 
denote a C 2 spacetime admitting a C 2 Killing vector field £. The norm and twist 
one-form of £ are defined respectively by A = — £ Q £ Q and u a = fyx^^V 7 ^. In order 
to study spacetimes with a Killing vector of arbitrary causal character, it is useful to 
employ self-dual 2-forms, which are complex 2-forms 3 satisfying 13* = —i&, where * 
is the Hodge dual operator. Our notation for p-forms is as follows. Boldface characters 
are used for p-forms, non-boldface characters are used for its components. For self-dual 
2-forms, curly characters will be used (boldface for the 2-form and non-boldface for its 
components). 

The 2-form F a p = and its self-dual associate T a p = F a p + iF*p will play 

a fundamental role in the following. The 2-form J- = ^J-'^dx A dx 13 will be called 
Killing form throughout this paper. The Ernst one-form cr = a^dx^ associated to £ is 
defined by 

= 2£ a F afl = V M A - zov (2) 



Two well-known (see e.g. [16|) properties which are valid for any self-dual 2-forms X 
and y are 

x^yj + y^x v ° = \ g ^x aP y a ^ x aP Y<*e = hc afi y^. (3) 

where Y = Ke(y) is the real part of y. We now obtain some algebraic identities for 
J- . Directly from the definition of cr and the first equation in (|3|) we get 

a a a a = -AJF 2 , (4) 

where = T a pT a ^ . An important identity is 

VaP^e^ = -i&TaP + ~ fan (5) 

which can be proven by inserting T pv = \irf v ^ 8 T 1& into the left-hand side and expand- 
ing the products of 77's. This identity also holds for an arbitrary self-dual two-form X 
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provided a is defined accordingly (see (0)). Another identity which will be useful in 
Sect. 5 is 

^V Q A + cr a Vp\ - g^V^X + 2^F atl + 2^F^ - 4AF Q "JF tt3 = (6) 

= a a cr p + J= 2 (Xg a/3 + £ a £p) . 

This expression can be proven by splitting the real and imaginary parts. The real part 
of (|6]) was already proven in ||. The imaginary part is easily shown by using the first 
identity in (g) (with X = y = T). 

Let us consider next identities involving covariant derivatives of the Killing form 
and/or of the Ernst one-form. They already involve the curvature of the spacetime. 
From = £, u Rupaf3, which is a well-known consequence of the Killing equations, 

the following identity follows 

V ' ^FaP = (7) 

where Tt vlia p is the so-called right self-dual Riemann tensor defined by TZupa/3 = Rupa/3 + 
^afipoRy^ ' ■ Some well-known properties of TZa^s are 



g aX TZ a f3Xp — RfSp, TZotPXp + T^aXp/3 + TtapfiX — iV-fPXpR^a, (8) 

— T^Xpa/3 = i (jlXpao-R^ ~ VX^aR^a ~ ~ VX^a^ , (9) 

V a TZ ua ^ = V„R v p - VpR^ + irjfi w <rV a R p u , (10) 



K 



af3Xp 



where R a p = R^ a ap is the Ricci tensor and R is the scalar of curvature. From the 
definition of the Ernst one-form and (|7|) we easily find 

V a a p - 2V a e^p = 2eCK ua ^, (11) 

which will be of fundamental importance in Section 5. We now obtain identities for 
the divergence and the exterior derivative of the Ernst one-form. Using (|ll]) and of the 
properties of IZap-yd, we get 

V a a a = -F 2 + 2e^R af i, (12) 
- V p a a = 2% eVvp^aR^- (13) 

Similarly, identities for the exterior derivative and the divergence of the Killing form 
J- can be obtained directly from (||) and the fundamental equation (0). The results 
are 

V M ^ a/3 + V a T^ + = irj^CRl, = -CRuf3- (14) 

These expressions prove the following well-known Lemma, which will be needed below. 
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Lemma 1 Let (M,g) be a smooth spacetime admitting a Killing vector £ and let J- 
be its associated Killing form. Then, the necessary and sufficient condition for J- to 
be closed is that R a /3^ = 0. 

Finally, we write down identities for the covariant Laplacian of T^ v and a^, i.e. 
VaV^ and V Q W M . Since expanding the second covariant derivatives in these ex- 
pressions would lead to a rather long calculation, we recall the well-known Weitzenbock 
formula (see e.g. [|Tj]]) which relates the covariant Laplacian and the Hodge-Laplace 
operator A = dd + Sd acting on p-forms, where d is the exterior differential and S the 
co differential S = (—l) p *~ 1 d*. For any p-form f2 we have 

(An) a ,.. Qp = -vv^ - £ (-iy Ri q n Pai ... &q ... ap + 



9=1 



+2 £ (-ir* <; <> ,.,„...„....,,, ,. (is) 



x 1 

r<q 



A^F is easily calculated from (|TJ]) after using the general equation (<5C) 



ct2---a p 



—V^Q f j i a 2 ---a p - The result is 



With this expression at hand, the covariant Laplacian of J 7 ^ follows from (|i~5|) . The 
result takes a simpler form if the Riemann tensor is decomposed in terms of the Ricci 
tensor and the Weyl tensor C a ^. In particular, after defining the self-dual Weyl tensor 
as C VIMX p = C Ufia p + ^VaPpaC Ufl pr7 , the identity becomes 

V a V a F, u = -~F af3 C a/3f , u + V u (£ s R Sll ) - V„ {^ s R Sv ) + i-q^V (£ S R S P ) + |j>.(16) 
Finally, we evaluate V^W^. In this case the calculation cannot be simplified by 



evaluating Act first because we do not have an identity for V a !F 2 yet (see fll2|)). So, 
we use the definition a a = 2£^jFg a and expand the derivatives explicitly. A somewhat 
long calculation using fll6l) and the Bianchi identity in (H) gives 



Combining this expression with the Weitzenbock formula fll5|) , the following identity 
for the gradient of J- 2 is obtained 
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3 Generalized Ehlers group. 

The standard definition of the Ehlers group 0, [|TJ is as follows. Consider a strictly 
stationary^ vacuum spacetime (V, g) (i.e. a vacuum spacetime admitting a Killing 
vector which is timelike everywhere). Take the quotient set V/£ with respect to the 
orbits of the Killing vector. This is locally a manifold (i.e. given any point p G V, there 
exists an open neighborhood U p of p such that M p = U p /£ is a manifold). There exists 
a well-known one-to-one correspondence between tensor fields in M p and tensor fields 
in Up which are Lie-constant along £ and which are completely orthogonal to £. The 
symmetric tensor \g a /3 + has these properties and therefore defines a symmetric 
tensor 7^ in M p which endows this space with a Riemannian structure. The Ernst 
one-form a p associated to £ is closed (see (|T3|)) and hence exact in a suitably chosen 
Up. Let a be a complex scalar in U p satisfying a M = V M cr. This function a defines 
a complex scalar in the quotient Mp. As shown by Geroch M, the knowledge of Af p , 
jij and a is sufficient to reconstruct locally the original spacetime V. The action of 
the Ehlers group is defined by leaving 7^ invariant and transforming a according to 
the Mobius map a' = (aa + i/3) / (i^ya + 6), where a, /3, 7, S are arbitrary real constants 
satisfying a5 + f3 r y = 1. As shown in (y, the transformed spacetime is also a solution 
of the Einstein vacuum field equations. The group structure of the Ehlers group can 
be obtained by applying first a transformation a' = (aa + i(3)/(ija + 5), and then a 
second transformation o" = [a' a 1 + if3') / '(ry'er' + 5') (where a'S' + fl'y = 1). The result 
is a" = (a"a + ip")/(ij"a + 5") with a", (3" , 7", 5" given by 

/ a" if3" \_ ( a' \ ( a if3 \ 

\ 17" 5" ) \ii 5' 5 J' 1 } 

This expression shows, in particular, that the Ehlers group is isomorphic to SX(2,R). 

As discussed in the introduction, it is desirable to have a description of the Ehlers 
group solely in terms of spacetime objects, i.e. without passing through the manifold 
of trajectories. We shall start by defining a much larger group of transformations 
which will turn out to contain the Ehlers group as a particular case. This group of 
transformations is defined for an arbitrary n-dimensional manifold and it describes the 
fundamental underlying structure of the Ehlers group. 

Let U be an arbitrary n-dimensional smooth manifold and let us denote by 3L(U) the 
algebra of vector fields and by A X (W) the set of smooth one-form fields on U. Let us de- 
fine G C X(U) x A\U) hjG= {(C, W) e X(U) x A 1 ^) ; ( a W a \ p > -1, Vp e U }. 

We define also = {W G A\U) ; (<f, W) G G|. Let &(U) denote the set of smooth, 
symmetric, two-covariant tensor fields in U. The following map defines an action of G 

lr The Ehlers group is defined similarly when the Killing vector is spacelike everywhere. 
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on &{U) 



T : G x &{U) — ► &{U) 

{C,Wp,g a p) — T(Cw,gU = n 2 g aP -CaWp-CpW a --^W a Wp, (18) 

where ( a = g a ^, Q 2 = ( a W a + 1 and A = -( a ( p g a p. Given (<f, W) G G, we can also 
define the map 

T£ : &{U) — > 6(W) (19) 
5 — 7i07)=T(C,W,ff). (20) 

In order to show that defines a group structure on G"> we need to compose two such 
transformations. After a calculation we find 

T^oTi^T^^, where Q 2 2 = 1 + CW 2 . 
It only remains to check that W 2 + f^VF 1 G G"% which follows immediately from 

C (w 2 a + n\wl) + i = ^ > o, (21) 

where Vl 2 = C a W„ + 1. Thus, the composition law in G^ induced by is 

• : G^ x G c ~ — ► 
(VF 2 ,"^ 1 ) — ► W 2 • W 1 = W 2 + (l + ( a W 2 ) W 1 . 

The unit element of (C% •) is obviously W = 0, and the inverse of G G"> is — W/ (1 + 
( a W a ). In order to investigate the group structure further, let us find a suitable set 
of one-parameter subgroups of (G"», •). Let W° be an arbitrary smooth one-form on U 
(not necessarily satisfying ( a W® + 1 > 0) and let us define the smooth real function 

cxp( c"I!f M at p° ints where c a ^° + o 

t at points where C a ^° — 

Thus, W(t) = / Wo (^)^° is a smooth one-form in U. It is a simple exercise to check 
that W(t) defines a one-parameter subgroup of G"% i.e. that W(t) G G^ and that 
W(s) • W(t) = W(t + s) for all t, s G R. Since A X (W) is infinite dimensional, it follows 
that (G^, •) is an infinite dimensional group which acts on the space of symmetric 2- 
covariant tensors. 

For definiteness, we shall now restrict ourselves to the case in which U is four- 
dimensional. Our next aim is to show that G 1 * leaves the subset of Lorentzian metrics 
on U invariant, i.e. that the signature is preserved under the action of T^. 
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Lemma 2 Let U be a four- dimensional manifold, g be a Lorentzian metric on U and 
W G G"». Then T^(g) is also a Lorentzian metric in U. Furthermore, if (U,g) is 
orientable with volume form r]^^, then (U,T^(g)) is also orientable with volume form 
v'a^s = ^Vap-yS- In addition, the inverse metric ofT^{g) a p reads 

(Tiig)- 1 )^ = ^ (g* + W 2 ( a (P + CW p + W a ^) , (22) 

where W a = g al3 Wp, W 2 = W a W a and g af3 is the inverse of g a p. 

Proof. We first notice the following identity, valid in n dimensions, 

det(aiMy + a 2 bibj + a 3 CiCj) = a\~ 2 det (My) {a x + a 2 b 2 )(a 1 + a 3 c 2 ) - a 2 a 3 (bc) 2 , (23) 

where a% ^ 0, a 2 , a 3 are arbitrary constants, My is an arbitrary n x n invertible 
matrix, Oj, q are arbitrary n-column vectors and b 2 = (M -1 ) y '6jfej, c 2 = (M -1 ) y- CjCj 
and 6c = [M~ l )^biCj. This identity can be proven straightforwardly by first showing 
its validity when a% = (which follows directly from the definition of determinant) and 
then applying the result twice. We want to use ( |23|) to evaluate the determinant of 
(|Hs|) in an arbitrary local coordinate system. At points p GW where ( is non-null with 
respect to g a p (i.e. A ^ 0) the tensor T^(g) can be rewritten as 



Ti(gU = n 2 g aP + - (Co.C/3 - W 



(24) 



where = Ca + Applying (|23p to this expression, we easily find det (T^(g)) = 

Q 4 det(g). Similarly, at those points where ( is null (i.e. A = 0), T^(g) a p can be 
rewritten as 

Ti(gU = tfg^ - \ (C Q + Wa) (C/3 + Wp) + \ (Ca - W«) - W/j) . 

Applying the identity (|23|) to this expression we obtain again det (T^(p)) = f2 4 det(g). 
Thus, T^ v {g) is invertible everywhere. Expression (22) for the inverse metric can be 



checked by simple calculation. So, it only remains to show that the signature of 
Tw(g)a/3 is (—1,1,1,1). This is proven by noticing that any element W e C> can 
be continuously connected to the identity. Indeed, let W be an arbitrary one-form 
satisfying ( a W a + 1 > everywhere. Define W° = W at points where ( a W a = and 
W° = (( a W a )~ l In [l + (?Wp] W at points where ( a W a ^ 0. It follows that W° is 
a smooth one-form and therefore we can define its associated one-parameter subgroup 
W(t) according to the procedure above. It is easy to check that W(l) = W . Since 

det(T^.^(p)) is non-zero everywhere for all t, it follows that the signature must remain 
unchanged. □ 
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The group is defined for any manifold and any smooth vector field (. It is 
not even necessary that U is a Riemannian space. For an n-dimensional U, the 
transformation defined by G contains 2n — 1 arbitrary functions (2n functions are 
necessary to define ( and W but the transformation ( |T5| ) has the explicit symmetry 
T(K(, K~ X W , g) = T((,W,g) where K is a nowhere vanishing scalar function). So, 
G defines a very general transformation. Obviously, vacuum solutions are not mapped 
into vacuum solutions in general. However, as we shall see below, G contains the Ehlers 
group as a particular case. Thus, it is plausible that there may exist other interesting 
subsets of G. Exploring this problem is beyond the scope of this paper and should be 
addressed elsewhere. 

The aim of the next section is to exploit the general group structure introduced 
in this section in order to define the Ehlers group on spacetimes admitting a Killing 
vector of arbitrary causal character. 



4 Spacetime description of the Ehlers group. 

Let us consider a spacetime (Ai,g) admitting a Killing vector £ such that £ a -R Q/ g = 
and let us define all the objects associated to £ as in section 2. The Ernst one-form 
is closed by virtue of fljjl). In order to define the Ehlers group we need to impose two 
global requirements on .M, which are essential for the whole construction. The first 
one is that a is exact, i.e. that there exists a complex function a = X — iu on M. (u is 
called twist potential), such that V a cr = <j a . Under these circumstances, let us define 
the 2-form 

4 7 [5F* p + 7 (uFZp - XF a(3 ) ] = Re [-4 7 ( 7 cf + i6) F a p] , (25) 

where 7 and 5 are arbitrary, non- simultaneously vanishing, real constants (a bar denotes 
complex conjugate). The following chain of equalities shows that this 2-form is closed, 

★ d (Re [(7a + iS) J 7 ]) = Re [*d ((70* + i6) J=)\ = 7 Re [* (JF A a)} = 

7 Re (i w *F)= 7 Re (-i \ W T) = 0. (26) 

In the second equality we used the fact that J- is closed (see QI4])). In the third equality 
we used the general identity ~k(a A (3) = ig * a where ex. is any p— form, and (3 is any 
q— form (q + p < dim.M) and ipGc denotes interior contraction. The last equality is a 
consequence of T Vil T ^ being symmetric and therefore real. 

Now we have to impose the second global requirement on (Ai,g), namely that the 
2-form (j25D is exact for all values of 7 and 5, i.e. there exists a one-form W satisfying 

VaWp - VpW a = Re [-47 ( 7 <f + iS) T afi \ . (27) 
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Furthermore, we demand that there exists a solution W of fl2~T|) that satisfies 

VI 2 = CW a + 1 = 7 2 A 2 + (5 + 7c;) 2 = (i 7 <7 + 5) (-i 7 CT + 5) . (28) 

Since the solution of ( P7| ) is defined up to a closed one-form, we can always achieve 
(53) locally. However, it is essential that (|28|) is satisfied also globally. In general, (|2T|) 
and (^) do not fix a unique solution yet (we can always add a closed one-form which 
is orthogonal to £, for instance cr). However, provided the global conditions discussed 
above are fulfilled, we can associate to each pair of values 7 and S a unique one-form W 
satisfying (|27|)-([28"|). We will assume from now on that such a choice has been made. 

Now, we can apply the general transformation defined in Section 3 with respect 
to the Killing vector £ and the one-form W. In order to do that, we must ensure 
that ^ a W a + 1 > 0. Thus, the points where Q 2 vanishes must be excluded from M. 
beforehand. These points correspond to A = and uj = —5/7 (with 7 7^ 0). Notice that 
the excluded points (if any) are contained in the region where the Killing vector is null. 
As we shall see below, the transformed spacetime will in general contain a curvature 
singularity precisely at the points we have excluded (if they exist). Thus, from now 
on, and for each value of S/'j, we exclude the set of points A = and uj = —5/7 from 
the manifold Ai. In order to simplify the notation, the resulting manifold (which is in 
general different for each value of 5/7) will still be denoted by M.. The meaning of A4 
should become clear from the context. 

We can now define the transformed metric T^ v {g) a p on j\4. From Section 3 we 
know that T^{g) a p is smooth and Lorentzian. Our next aim is to prove that £ is also a 
Killing vector of T^(g) a j3. Then, we will prove that its Ricci tensor (which we denote 
by R'ap) satisfies ^ a R ' a p = 0. This will allow us to compose transformations and prove 
that they define a group. 

Lemma 3 The vector field £ is a Killing vector of the metric T^(g) a p. 

Proof: By construction £^Q = 0. Thus, we only need to show that £^W= 0. From 

the definition of Lie derivative we find (£gW) = ^ (V^ a - V a W M ) + V a (fi 2 - 1). 
Using the equation 

V a fi 2 = 2 7 Re [( 7 cr + id) a a ] , (29) 

(which is a direct consequence of (p5|)) the vanishing of £^W follows immediately. □. 

In order to be able to compose transformations T^, it is necessary to determine 
the Killing form associated to £* in the transformed spacetime LM,I^(<?)J. This is 
addressed in the following Lemma. 



Lemma 4 The complex two-form 

(30) 



(5 + i^a\ 



Q 2 F--W Aa 

2 
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is the Killing form of £ with respect to the metric T^ v {g) a p. 

Proof: We must show that J 7 ' is self-dual with respect to the metric T^(g) a p and also 
that Re(^ r/ ) = \dV where V a = T^(g) a p^ . To prove the first part, let us raise the 
indices of J-' a p with respect to T^(g) a p. Starting from 



F at 



ft 2 T a p + - (W p a a - W a ap) 



(5 + rya) 2 

a somewhat long, although straightforward, calculation gives 



(31) 



Ti(g)- 1 ^ Ti(g)- 1 'T a 



v/3 



n 2 (ija + sy 



\T» V + eW a F au - CW a T afl ] .(32) 



Using identity (|5p and the fact that r]' a p X = VL 2r q a px^ (see Lemma 0), the self-duality 
of T' a p follows readily. Regarding Re(jF) = \dV ', we first recall that V a = £ a + fpW a . 
Using equations (|27| ) and ( p9| ) together with the fact that V Q A = Re(cx a ), the equation 
V a V^ — V ' pV a = 2 Re {T' a p) follows without difficulty. □ 
Once we know the Killing form of £ in the transformed spacetime, we can compute 
the Ernst one-form of £ with respect to T^(g) a p. From the definition (|2[) we find 

a a = 2£ J- p a = — — g • 

(ryer + 0) 

This equation implies that a' a is exact on A4, i.e. a' a = V Q cr', where the function a' 
can be written in the following form, which is valid for all possible values of 7 and 5, 



a 



aa + if3 
i^a + 5 ' 



(33) 



where a, f3 are real constants satisfying a8 + /3j = 1. 

The transformation law for J- 2 will be required in section 6. It is found directly 
from (|32|) and reads 



T/2 



(5 + ija) 



4 • 



(34) 



Let us now prove that £ Q i?' 



aj3 



0. This is important because it will allow us to 



compose transformations (recall that the only local conditions we imposed on (Ai,g) 
in order to define were the existence of a Killing vector £ and that £, a R a p = 0). 



Lemma 5 The Ricci tensor ofT^(g) a p satisfies £, a R' a p = 0. 
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Proof: From Lemma [I], £ a R ' a p = is equivalent to J-' being closed. Since cr is 
exact and W satisfies dW = Re [—47 (■ya + iS) J-\ , we obtain, after making use of the 
definition of tt 2 , 

dT' = ~ %1 If NJ= - %l[b ~ %1 °} v NF + ?2_^ Re [( 7 ^ + ^)jF] Ao- = 0. 

5 + iya (5 + ijcrf (S + ijaf L J 1 

The vanishing of this expression follows from expanding the real part of the third term 
and using the identity ^FAW + J-Acr = 0, which has already been proven in (|26|) . □ 
Thus, the transformations defined by W can be iterated, at least locally. However, 
we also had to impose two global conditions on (A4, g) in order to define T^. The first 
one (i.e. that the Ernst one-form is exact) has already been proven in fl3"3])). Regarding 
W, we must ensure that the exterior system ( p7|) in the transformed spacetime is also 
integrable. We address this issue as follows. Consider the transformed equation 

V a W' p -V p W' a = Re [-4V (y & + i6') T' a p] , (35) 



where 7' and 5' are not simultaneously zero. The left-hand side of fl35|) is already known 
to be closed, so we only need to prove that it is also exact. 

Let us assume for the moment that W defined by (|35| ) exists globally and let us 
use the results in Sect. 3 in order to find its explicit expression. We first apply the 
transformation corresponding to (a,ft,j, 8) to the original metric g a p and construct 
T^(g) a p. Then, we apply the transformation with respect to W to obtain a second 
metric T^> \TL{g)) ■ From the results in Sect. 3 we know that T^> (T^(g)) = 

2t»(9)ap, where W" = W' + Vl' 2 W ', and tt' 2 = 1 + £ a W' a = (5' + ij'a') (8' - ty'a'). 
If it were true that the transformations defined by W form a group isomorphic to 
SL(2, M), then W" should be the solution of (^) corresponding to a", @", 7", 5", (where 
these constants are given by (|T7D). With this information at hand, we can now prove 
that W exists and has the desired properties. 

Let W and W" be the unique solutions of ( p?D corresponding to a,/3,j,S and 
a", ft", 7", 8" respectively (they exist globally on M. by assumption). Let us define 
a', ft', j', 5' as the solution of ( |TT[ ) (which is unique). We can also define a' according 
to © and tt' 2 = (5' + iia') [b' - z 7 V). Finally we define 

w = w" - n' 2 w. (36) 

This object exists globally on M. by construction and we have shown that it is the 
only candidate for being the solution of ([35]) satisfying £ a W' a + 1 = Vt' 2 (i.e. the only 
candidate compatible with the existence of an isomorphism between the group we are 
constructing and SX(2,M)). We need to prove that W thus defined actually solves 
the desired equations. Checking £ a W' a + 1 = Vt' 2 is easy from 

1 + £ a W' a = 1 + e Q C - 0' 2 fW Q = Q' 2 + tt" 2 - tt' 2 tt 2 , 
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after taking into account the definitions of Q, Q" and Q' together with i^"o + 5" = 
(i^f'a' + 5') (rya + 5). Finally, we need to check that the differential equation 

dW = d (W" - VL' 2 W) = Re [-4 7 ' (7' & + i5') J=' 

is satisfied. This can be proven by direct calculation using the differential equations 
satisfied by W" and W together with the expression for (p0|). 

This argument proves that the composition of transformations can now be globally 
performed and that they forms a group isomorphic to SL(2, IR). It should be remarked 
that W can be chosen freely for each value of a,/3, 7, 8 only for the original metric 
g a/ 3. The corresponding choice for the transformed metrics T^(g) a/ 3 is uniquely fixed 
by®. 

It is easy to check that the group we have just defined coincides with the original 
Ehlers group when the Killing vector is timelike (or spacelike). Indeed, this follows 
from the transformation law for the metric when written as in (|23|), and from the 
transformation law for the Ernst potential (|33|) . In the approach we have followed 
no restriction on the causal character of the Killing vector was made. This shows 
that the Ehlers group exists even when the Killing vector changes its causal character 
throughout the spacetime. Furthermore, the global conditions necessary for the trans- 
formation to exist on a given spacetime have been clarified. This extended group of 
transformations will be called spacetime Ehlers group in this paper. 

Although the spacetime Ehlers group has been defined for smooth spacetimes ad- 
mitting a Killing vector £ which satisfies £, a R a/ 3 = 0, the vacuum subcase is particularly 
important because the original Ehlers group maps vacuum solutions into vacuum so- 
lutions. Proving that this also holds for the spacetime Ehlers group will be our next 
aim. There are several methods to do this. We give a proof that exploits the group 
structure and which might be of interest for more general situations (i.e. for other 
subsets of G^). 

Let us consider an arbitrary one-parameter subgroup of the spacetime Ehlers group 
(i.e. of SL(2, R)). The starting metric g a/ 3 is transformed under this subgroup into a 

one-parameter family of metrics T^^lg), all of which satisfy ^ a R a p{t) = 0. Let us now 
assume that g is vacuum. The group structure of the spacetime Ehlers group implies 
that the one-parameter family of metrics T^^(g) is vacuum for all t if and only if the 

linearized Einstein equations around the metric T^,^(g) are solved by the symmetric 

tensor ^T^^(g). Let us recall that the linearized Einstein vacuum field equations for 
a perturbation h a/ 3 around a given metric g a/ 3 are 

R ai = -^V Q V 7 /i - ^Vflhcy + ^Vyhcf) + lv p V a h^ = 0, (37) 

where h = h a pg a P . The following Lemma is used in Theorem [I] below and gives the 
form of the linearized equations for the case under consideration. 
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Lemma 6 Let (M,g) be a smooth spacetime which admits a Killing vector £ and 
satisfies £, a Ra/3 = 0. Let W° be an arbitrary one-form which is Lie-constant along £. 
Then, the linearized Einstein field equations ftSty for a symmetric tensor of the form 
Kp = ^W v )g a p-i a W p -^W° a read 

- 2R aP = g a pV^ (£"W°) + 2F ia + 2F lP K ( ? + £ a V 7 i^ 7 + fyVK^ = 0, (38) 

where F af3 = and K af3 = V a W% - V P W%. Furth ermore, if W® satisfies the 

equations 

V a ^° - VpWl = AaxFZp, fW° = 2 (a 2 + a x u) , (39) 

where a x and a 2 are arbitrary constants and uo is the twist potential of £, then the 
linearized equations (ffify are identically satisfied. 

Proof: Inserting the expression for h a p into Q37|) and expanding the appropriate second 
covariant derivatives we obtain, after using the Killing equations for £ and V M V Q £ M = 

^R»a = 0, 

- 2R aP = 2V a £ y VW° + 2V /3 £ 7 VW Q ° + ^V 7 (v p W a + V a wfj 
+^V^V 7 (rC) + V 7 [ta (V^ 7 ° - V 7 W°) + & (V a ^ 7 ° - V 7 W°)] • (40) 



Transforming this expression into (|38|) is not difficult after using £g (V a W^) = 0, 
(which is a direct consequence of W° being Lie-constant along £) in the third term of 



To prove the second part of the Lemma, we first notice that equation (|39|) is locally 
integrable because F* is closed (from V^F^ = ^R^ u = 0). Furthermore 

= ^VV'f = ^/j^fl/^ = 0, 

by virtue of the first Bianchi identities. Moreover, the imaginary part of the first 
identity in (§) applied to X = y = J- and the imaginary part of identity (|l^) read 

VpV p cu = 2F a pF* a P, F Pa F^ + F Pl F^ a = l -g ai F pu F*?° . 



Using these expressions, the vanishing of ([38" ) follows straightforwardly. □ 
We can now prove the following theorem which shows that the transformed metric 
of a vacuum metric is also vacuum. In this theorem, all the global conditions required 
for the existence of the Ehlers transformation are spelled out. 
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Theorem 1 Let (M,g) be a smooth spacetime admitting a Killing vector £ and satis- 
fying Einstein vacuum field equations. Let 5, 7 G R satisfy 5 2 + 7 2 7^ 0. Define X, J- 
and <r as the squared norm, the Killing form and the Ernst one-form associated to £. 
If the two following conditions are satisfied 

1. The Ernst one-form is exact, i.e. it exists a complex smooth function a = X — iuj 
such that a = da. 

2. The closed two-form Re (—47 (ja + iS) J-) is exact and the equation dW = 

Re (—47 (ja + id) J 7 ) admits a solution satisfying W a ^ a + 1 = (rycr + 5) (—ija + 5) = 

n 2 . 

Then, the symmetric tensor T^ (g) = Q 2 g — £®W — W £ — -^W ®W defines 
a smooth vacuum metric on the spacetime M. = {p G M. \ X\ v 7^ or (ju + 6)\ p 7^ 0}. 

Remark. As mentioned before, conditions 1. and 2. are always fulfilled locally. So 
they only pose global obstructions to the existence of the Ehlers group. 



Proof: From the group structure, we have 



dt T i(t)(9) 



d_ 

ds 



I w(s) 



T l(t)(9) 



(41) 



On the other hand, the general transformation law fll8|) implies that, for an arbitrary 
symmetric tensor g a p, we have 



j-Ti {s) (g) 



a/3 



s=0 



ds 



g a /3 — £ c 



dW p {s) 



s=0/ 



ds 



dW n 



s=0 



ds 



(42) 



where £ 
get 



9ap^ an d we use d the fact that W(0) = 0. Combining ([|l]) and ( [42]) we 



jTl [t) (gU = (^K) T i(t)(9U - v{t) a w% - v(t) w° a , 



where V(t) a = T^, t Jg) a p^ and W° = \ s =o- The equations satisfied by W° can 



be obtained directly from (^7|) and 
read 

V«WS - VpW° a = Re \-tta x F' Q 



after using 7(5) 



s=0 



and 5{s)\ 



s=0 



1 and 



ap 



2 (o 2 + aiw') 



where T' a * and to' are the Killing form and twist potential of in the metric 



and we have defined a\ 



d-y(s) I 



d<5Q) I 
ds \ s =°- 



w(t)\9)otP 

Thus, all the conditions of 



= o and 02 

Lemma H are fulfilled and we can conclude that T^, t Jg) satisfies Einstein vacuum field 
equations. The theorem follows after using that ST(2, R) is connected and that any 
element of a connected Lie group Go can be expressed as a finite product of elements 
in exp(^) (where Q is the Lie algebra of Go and exp is the exponential map) (see e.g. 
0). ' □ 
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5 Action of the Ehlers group on the Weyl tensor. 



Our aim in this section is to obtain an explicit expression for the Weyl tensor of the 
Ehlers transformed spacetime. In order to do that we will exploit the identity (|TTD 
of section 2. More precisely, we want to evaluate the left-hand side of this identity 
for the transformed metric T^(g) a p in order to get an expression for the transformed 
Weyl tensor. It is worth pointing out that a direct calculation of the transformed Weyl 
tensor for the metric flUf) would be quite difficult. The identities of section 2 will allow 
for an indirect approach to the result. 

Let us start by evaluating the covariant derivative of a' a with respect to the trans- 
formed metric. To do that it is convenient to use the following identity, which is a 
trivial consequence of the vanishing of the torsion of a Levi-Civita connection, 



1 

2' 



where a' is the vector obtained by raising the indices of a' a with the metric T^(g) a p, 
i.e. 



i a 



a 



Ti(g)- 1 



aP 

° P 



1 



a 13 + f {W^a^ 



(43) 



(5 + i 1 aY^l 2 

—t 7* 

Using that £ is a Killing vector for the metric T^(g) a p, a not-too-long calculation gives 



V' o' 



V, 



(Tp 



— — -2 (a (a V /3) fi 2 + a A 



A 



- 4 7 Re [(ja + iS) ^ {a \ U p) + ^W p) 



\w a wpv, A 



-g a pV^ 2 



, (44) 



where, as usual, round brackets enclosing indices denote symmetrization. Let us keep 
this expression for later use and let us now evaluate Va^F'np- We start by rais- 
ing one index to T' a p with respect to the metric T^(g) a/3 , i.e. we evaluate T m p = 

[Ti{g)-Y"F'vP- The result reads 

1 r „ _ 1 .„ ,. 1 



r 



{i^a + Sf 



We now take into account that V' a ^ M J'^ = Re (F'afj) F'^v so that only the latter has 
to be calculated. A simple calculation gives 



Re (fL) T 



a ^ J ' P fx i • \ 2 
(6 + i^o) 



Re 



(5 + ijaY 



.(45) 
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To proceed further we need to use two identities. The first one is valid for any complex 
quantity B and reads 



Re 



B 



(5 + ijo-y 



1 

ft 4 " 



(5 + i7<r) Re ( 5 ) + 2B 1 X 1 



a — a 



i5 



(46) 



which can be proven easily from the trivial relation Ke(AB) = A Ke(B) + B(A — A)/2. 
The second identity reads 



T 

J < 



<y.\A 



4ft 2 



Ti(g) 



a/3, 



(47) 



and it is proven by expanding the left-hand side and using standard properties of 
self-dual 2-forms (see Sect. 2). Inserting (^) and (|47|) into (|4^) we get 



ft 2 



Re 



Tav - 2ft 2 



2ft 2 

;F 2 7 A (7^ - id 
2ft 4 (6 + ijirf 



Tl(g) af3 . (48) 



We can now combine (|44] ) and ( |48"D in order to obtain an explicit expression for V a cr'p — 
2V' a ^^ r ' At /3. This is achieved by using V M A = Re(a A1 ), together with the identity 
Re[(7<r + i<5)jF a/3 ] = (7(7 — i5)Re(jF a/ g) + T a fi{ib + 7(0" — cr)/2) (which is proven in a 
similar way as fl4"7j)). Two further pieces of information are required to obtain the 
result: identity @ and the relation o^F^ + V^AJF^ = 0, which can be deduced from 
the last equality in (|26|) . 

The calculation now is rather involved. However, many cancellations happen along 
the way and the final result turns out to be surprisingly simple. It reads 



(5 + ija)' 



3ij 



(5 + ijo-y 



1 



(49) 



This expression is valid for any spacetime for which the spacetime Ehlers group can 
be defined. No restriction to vacuum spacetimes is necessary. Let us now restrict 
ourselves to the vacuum case and let us define the symmetric and trace-free tensor 
y a/3 = 2^^ u C fiau/ 3. Since, in vacuum, IZ^s = C a ^ the transformation law of y a/ 3 can 
be obtained directly from (|TTD and (^) to be 



y'at 



3z7 



CTaCT/3 + - J 72 (\g a /3 + 



(50) 
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This formula is the key expression for obtaining the transformation law for the full 
Weyl tensor. To do that, we first rewrite fl50|) as follows, 



1 



paufB 



(5 + ija) 



paufi 



6ry 



u(3 



• pav/3 



(51) 



S + ija 

where T mv p = (g^ g a p — gpp gau + iVpaup)/^ is the canonical metric in the space of self- 
dual 2- forms. The term is parenthesis in ([H]) is self-dual in the metric g a p, with respect 
to each pair of antisymmetric indices. On the other hand, C'^ au p is self-dual with respect 

to the metric T^(g) a p. So, if we knew a method to transform self-dual two-forms in 
g a p into self-dual two-forms in T^(g) a p, we could obtain the full transformation law 
for the Weyl tensor. This is addressed in the following Lemma which is proven by 
straightforward, if somewhat long, calculation 

Lemma 7 Let P% be defined as Pj% = ^S^-S^Wp-^WJ 1 ^. Then, a two-form 
X a p is self-dual in (J\4,g) if and only if X' a p = P^LX^ is self-dual in (M. 1 T§ v (g)). 

Remark. This Lemma is true for any spacetime (A4, g) and for any pair (£, W) G G, 
not only for the spacetime Ehlers group we are considering in this section. 

Thus, let us define the tensor 



B, 



a(3-yS 



(5 + i^a 



2 r afi r ~j5 



c, 



pupa 



_6W ^ " 

r , • -> ctftJ per -L-aPpa 

6 + rya \ 3 



which is, by construction, self-dual (for each pair of antisymmetric indices) with re- 



we find 



, that, for an 



spect to the metric T^(g) a p. Furthermore, from £ a P£p = C ($p — Wp£ 
^CC'iwtvp = ^C&nwP- ^ is well-know, and an easy consequence of 
arbitrary self-dual 2-form X the following equation holds 

2\X a p = {£,pX a — — irj a ppa£, p X a ) , 

where Xp = 2£ a X a p. A similar expression exists for objects with several pairs of 
antisymmetric indices. Thus, we can conclude A(C' « — B mv p) = 0. Using now that 
B/j.av/3 is continuous everywhere (including the points where A = 0), we can conclude 
that, for spacetimes where the Killing vector is null at most on a set with empty 



interior, C' 



p.au/3 



B 



pauj3- 



Summarizing, we have proven the following 



Proposition 1 Let (A4,g) be a spacetime satisfying the hypotheses of Theorem [J. 
Assume further that the set of points where the Killing vector is null has empty interior. 
Then, the Weyl tensor of the spacetime (M ,T^(g)) reads 



C 



1 



(5 + ija) 



pfiv ppa 
2 r a0 



C 



pupa 




S + i'ja 



pupa 



(52) 



where P^g is defined in Lemma [7| above. 



20 



Remark. The condition that £ is non-null almost everywhere can be shown to be 
unnecessary, i.e. that Proposition [l] also holds for Killing vector with an arbitrary 
causal character. The sketch of the proof is as follows. First obtain the transformation 
law for the Weyl tensor under the linearized Ehlers group for an arbitrary Killing 
vector. The solution turns out to be the linearized version of (|5^). Then, the result 
follows by exploiting the group structure of the spacetime Ehlers group. 

The transformation law (|52|) for the Weyl tensor is very simple indeed. In addition 
to the necessary factors which transform self-dual objects in g into self-dual objects 
in T^(g), the essential part of the transformation is, besides a global conformal factor 
(5 + «7cr) -2 , adding to the original self-dual Weyl tensor a term proportional to 

{iv-F ocr g \ippa \ ■ 

This tensor is the simplest self-dual, symmetric and trace-free object that can be con- 
structed out of the Killing form. Taking into account that the calculations leading 
to this proposition are quite long, the result is surprisingly simple and elegant. Since 
the curvature singularities of (A4,T^(g)) must be singularities in C'p, expression 

(|52j) shows that, in general, curvature singularities in (A4, T^(g)) appear at the points 
where 5 + rycr = (i.e. where A = and w = —5 /'-/). These points were precisely those 
that had to be excluded from M. in order to define the spacetime Ehlers transformation. 
No further singularities may appear. Thus, we have a good control on the behaviour 
of the transformed spacetime without having the perform the Ehlers transformation 
explicitly, which may be a difficult task. 



6 A local characterization of the Kerr-NUT metric. 

The transformation law ([52]) for the Weyl tensor allows us to select privileged subsets 
of solutions of the Einstein vacuum field equations, namely those that remain invariant 
under the Ehlers group. The transformation law given in Proposition |1] suggests one of 
these invariant subsets. Let us consider those vacuum spacetimes admitting a Killing 
vector field such that 

Ca/3-yS = Q (j~ t y s — ~X a^S^'^j (53) 

holds for some complex function Q. Under an Ehlers transformation, the tensor A/" a/ g 7 5 
retains the same form (with a different Q). If we take now into account that the terms 
in parenthesis in (|52"D are just those necessary to transform F into F', the invariance of 
the set of solutions satisfying ( |53| ) follows easily. Actually, this is the simplest possible 
invariant subset of the vacuum Einstein field equations. It is remarkable that condition 
(|5*3]) appears also in a completely different context, namely in a local characterization 
of the Kerr metric obtained in ||. In that paper the following result was proven 
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Theorem 2 Let (V,g) be a smooth, vacuum spacetime admitting a Killing vector £. 
Assume that (V, g) is not locally flat and that the following two conditions hold: 

1. There exists at least one point p 6 V such that J- 2 \ v ^ 0. 

2. The self-dual Weyl tensor and the Killing form associated to £ satisfy (|53[). 
Then, the Ernst one-form is exact ( — V^cr ) and Q and J- 2 must take the 

form Q = — 6/(c — a) , J- 2 = A(c — cr) 4 where A ^ and c are complex constants. 

If, in addition, Re(c) > and A is real, then the spacetime (V, g) is locally isometric 
to a Kerr spacetime. 

This theorem was not explicitly stated in this form in || . However, it is not difficult 
to see that the proof of the main theorem in that paper also proves this theorem (see 



TCfl for a discussion). 

This theorem suggests a natural question, namely which spacetimes correspond to 
the other values of A and c?. In this section we will answer this question and will obtain 
a local characterization of the Kerr-NUT metric by combining the theorem above and 
the action of the Ehlers group discussed in this paper. The spacetimes satisfying the 
hypotheses of |2| can be classified by the complex constants 4 ^ and c. Since, in 
addition, the whole family is invariant under the Ehlers group (the fact that the Ehlers 
transformed J-' 2 remains non-zero somewhere follows from the transformation law 
(p3|)) we can consider the action of the Ehlers group on the parameter space defined by 
A and c. Give that both the hypotheses and the conclusions of Theorem are local, 
all the considerations below will also be local and there are no obstructions to define 
and apply Ehlers transformations. 

Using the transformation law for the Weyl tensor (|52]) and the transformation law 
for T 2 (^4|) we easily find 

c> = ^±^, A' = A(6 + i 1C )\ (54) 

where c' and A' are the corresponding values for the Ehlers transformed spacetime. 
The parameter space defined by A and c is four-dimensional and the Ehlers group 
has three real parameters. Thus, there must be one real function of A and c which 
is invariant under Ehlers transformations. It is easy to check that AA (c + c) 4 fulfills 
these requirements. In order to classify the spacetimes satisfying the hypotheses of 
Theorem ^ we need to find a unique representative of each orbit of the Ehlers group 
in the space (A, c). In order to do that, we notice that c + c transforms as 

, -j c + c 

c + c 



(5 + i^c) (5 — i"fc) 



Thus, c+c cannot change sign under an Ehlers transformation (and it must remain zero 
if it was originally zero). An easy inspection of the transformation law (|5"3| ) shows that 
the orbits corresponding to c + c = are uniquely characterized by the unit complex 
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number ■A? (where the vertical bars denote the norm of the complex number). More 
precisely, any pair c = isx, A = A exp (IB) (with si, A > and B being real) can be 
transformed into d — and A' = exp (zi?) . 

Take now an arbitrary point (A, c) with Re(c) 7^ 0. It is easy to check that there 
always exists an Ehlers transformation that brings this point into the canonical form 
d = sign(c + c) and A' = — \A\ Re(c) 2 (we have chosen a negative sign in A' just for 
convenience, a positive sign can also be achieved). So, the vacuum solutions satisfying 
the hypotheses of Theorem |2] can be classified in three classes according to the Ehlers 
group as follows 

• Those with Re(c) = 0, for which the orbit is determined by 

• Those with Re(c) > and the orbit is determined by the real constant — \ A\ Re(c) 2 , 

• Those orbits with Re(c) < and the orbit is determined by — \A \ Re(c) 2 . 

With this classification at hand, can now use Theorem Q to obtain a purely lo- 
cal geometric characterization of the Kerr-NUT spacetime. It is well-known that the 
Kerr-NUT family of spacetimes is obtained and exhausted by applying the Ehlers trans- 
formations to the Kerr spacetime. Thus, the following theorem follows by combining 
the classification discussed above and the results of Theorem |[ 

Theorem 3 Let (V, g) satisfy the hypotheses of Theorem |J If Re(c) > then the 
spacetime (V, (?) is locally isometric to a Kerr-NUT spacetime. 



This theorem extends a result by J. P. Krisch [19|] which finds the most general vacuum 
solution on a strictly stationary spacetime which has vanishing Simon tensor [ 20 1 . The 
relationship between the vanishing of the Simon tensor and the characterization of Kerr 
given in Theorem ^| is discussed in detail in || . 

We could still ask which spacetimes correspond to a zero or a negative value of 
Re(c). Without giving the proof, let us just mention that they belong to the vacuum 
subset of the Plebahski limit of the rotating C metric pT| . They are analogous of 
the Kerr-NUT spacetime but with the geometry of certain quotient (defined by the 
stationary Killing vector and one of the principal null directions) being not a round 
2-sphere but a Euclidean plane (when Re(c) = 0) or a Poincare plane (when Re(c) < 0). 



Acknowledgements 

I would like to thank B.Schmidt, W.Simon and J.M.M. Senovilla for useful comments 
on a previous version of this paper. This work has been partially supported by projects 
Oesterreichische Nationalbank Nr. 7942 and UPV172.310-G02/99. 



23 



References 

[1] R.Geroch, A method for generating new solutions of Einstein's field equation. I J. 
Math. Phys. 12 (1971) 918-924. 

[2] R.Beig and B.Schmidt, Time-Independent Gravitational Fields in Einstein's field 
equations and their physical implications, B.G.Schmidt, Ed., (2000) Lecture Notes 
of Physics, 540, Springer, Berlin. 

[3] J.Ehlers, Konstruktionen und Charakterisierung von Losungen der Einsteinschen 
Gravitationsfeldgleichungen, Dissertation, Hamburg (1957). 

[4] D.Kramer, H.Stephani, E.Herlt and M.A.H.MacCallum, Exact solutions of Ein- 
stein's field equations, (1980) (Cambridge University Press, Cambridge). 

[5] R.Geroch, A method for generating new solutions of Einstein's field equation. II 
J. Math. Phys. 13 (1972) 394-404. 

[6] Solutions of Einstein's equations: Techniques and Results, C.Hoenselaers and 
W.Dietz, Eds., Lecture Notes in Physics 205, (1984) Springer- Verlag, Berlin. 

[7] S.Harris, Conformally stationary spacetimes, Class. Quantum Grav. 9 (1992) 1823- 
1829. 

[8] G.Neugebauer, R.Meinel, The Einstenian Gravitational field of a rigidly rotating 
disk of dust, Astrophys. J. 414 (1993) L97-L99. 

[9] M.Mars, A spacetime characterization of the Kerr metric, Class. Quantum. Grav. 
16 (1999) 2507-2523. 

[10] M.Mars, Uniqueness properties of the Kerr metric, Class, and Quantum Grav. 17 
(2000) 3353-3374. 

[11] P.Breitenlohner, D.Maison, G. Gibbons, J^-Dimensional Black holes from Kaluza- 
Klein Theories, Commun. Math. Phys. 120 (1988) 295-333. 

[12] D.Maison, Duality and Hidden Symmetries in Gravitational Theories, in Einstein's 
field equations and their physical implications, B.G.Schmidt, Ed., (2000) Lecture 
Notes of Physics, 540, Springer, Berlin. 

[13] R.P.Kerr, A.Schild, Applications of Nonlinear Partial Differential Equations in 
Mathematical Physics, Proceedings of Symposia in Applied Mathematics (Ameri- 
can Mathematical Society, Providence, R.I.) 17 (1965) 199. 

[14] S.Bonanos, A generalization of the Kerr-Schild ansatz, Class. Quantum Grav. 9 
(1992) 697-712. 



24 



[15] B.Coll, S.R.Hildebrandt, J.M.M.Senovilla, Kerr-Schild symmetries, 
|gr-qc/0006044| . 

[16] W. Israel, Differential forms in general relativity, Commun. of the Dublin Institute 
for Advanced Studies, Series A, 19 (1970) 1-100. 

[17] Y.Choquet-Bruhat, C.de Witt-Morette, M.Dillard-Bleick, Analysis, Manifolds and 
Physics (1977), North Holland Publishing Company, Amsterdam. 

[18] J.F.Cornwell, Group Theory in Physics, Vol. II (1984) Academic Press limited, 
London. 

[19] J.P.Krisch, On the classification of vacuum zero Simon tensor solutions in rela- 
tivity, J. Math. Phys. 29 (1988) 446-448. 

[20] W.Simon, Characterizations of the Kerr metric, Gen. Rel. Grav. 16 (1984) 465- 
476. 

[21] J.F.Plebahski, M.Demiahski, Annals of Physics 98 (1976) 98. 



25 



